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Abstract.
Observations of the kinetic Sunyaev-Zel’dovich (kSZ) effect measure the density-weighted velocity
field, a potentially powerful cosmological probe. This paper presents an analytical method to predict
the power spectrum and two-point correlation function of the density-weighted velocity in redshift
space, the direct observables in kSZ surveys. We show a simple relation between the density power
spectrum and the density-weighted velocity power spectrum that holds for both dark matter and
halos. Using this relation, we can then extend familiar perturbation expansion techniques to the
kSZ power spectrum. One of the most important features of density-weighted velocity statistics in
redshift space is the change in sign of the cross-correlation between the density and density-weighted
velocity at mildly small scales due to nonlinear redshift space distortions. Our model can explain this
characteristic feature without any free parameters. As a result, our results can precisely predict the
non-linear behavior of the density-weighted velocity field in redshift space up to ∼ 30 h−1Mpc for
dark matter particles at the redshifts of z = 0.0, 0.5, and 1.0.
Keywords: galaxy clustering, power spectrum, redshift surveys, cosmological perturbation theory,
and cosmological simulations
1 Introduction
Recent detections [1, 2] of the large-scale kinetic Sunyaev-Zel’dovich (kSZ) effect [3], the Doppler
effect due to the peculiar velocity of clusters relative to the CMB rest frame, open a new window
into cosmology. These analyses measure the CMB signal at the position of galaxies in a spectroscopic
survey, thus, measure the relationship between the momentum field with the density field. If the
baryon physics is understood, these observations can directly test modified gravity theories and the
effects of dark energy [4–6] through measuring the relationship between density and velocity fields. In
the coming decade, we anticipate that new ground-based surveys such as Advanced ACT and space-
based surveys such as Euclid and WFIRST will make even more accurate measurements of the kSZ
effect. Therefore, predicting the precise non-linear behavior of the power spectrum and the two-point
correlation function of the kSZ effect in analytical approaches is an essential step in the interpretation
of this data and in elucidating the nature of dark energy and modified gravity theories.
This paper makes theoretical predictions for the galaxy-weighted velocity field in redshift space,
our observable when we measure the CMB signal at the position of galaxies identified in a redshift
survey. The kSZ signal depends on the galaxy velocity field in two distinct ways: the kSZ signal
measures the projected electron momentum and the signal is measured at galaxy positions in redshift
space. Because we observe the signal in redshift space, we need to include both redshift space distortion
(RSD) [7] and finger-of-God effects in modeling the correlation function of the kSZ effect[8].
In section 2, we derive a simple relation between the density power spectrum and the density-
weighted velocity power spectrum, equation (2.16). The relation holds for both of dark matter and
halos and is one of the key results of the paper and enable us to use familiar perturbation theory results
to link the calculations of the matter spectrum to measurements of the kSZ power spectrum. Section 3
presents the analytical method to compute the density-weighted dark matter power spectrum including
the full non-linear effect of the redshift space distortion. We apply the Lagrangian description and
expand the displacement vector from initial positions of particles in a perturbation expansion, because
the Lagrangian description is derived from the continuous limit of estimators of the power spectrum
and the two-point correlation function. Then, it is important to numerically compute the power
spectrum and two-point correlation function with keeping the non-linear relation between them and
the displacement vector in the Lagrangian description [9–11], enabling us to fully calculate the non-
linear redshift space distortion effect through the coordinate transformation from real space to redshift
space. In Section 4, we explain how to measure the density-weighted velocity power spectrum and two-
point correlation function from N -body simulations. Section 5 compares the analytical predictions
and the results of the N -body simulations. Section 6 concludes.
Appendix A discuss the feature of the baryon acoustic oscillation in the two-point correlation
function of the density-weighted velocity. Appendix B discuss higher pole terms of the density-
weighted velocity in the Legendre polynomial expansion, respectively. In Appendix C, we compute
the density-weighted velocity power spectrum and two-point correlation function in the Zel’dovich
approximation from theory and measurements from particle distributions. Appendix D compares
difference between the Lagrangian and standard perturbation theories. In Appendix E, in computing
the correlation function we investigate the impact of changing the minimum wavenumber in inverse
Fourier transform of the power spectrum. Appendix F shows the statistics for halos.
2 Density-weighted velocity
In real space, the radial component of the moments of the density-weighted velocity field, p
(n)
‖ , are
the product of the density field, ρ(~x) and the comoving velocity, ~v(~x):
p
(n)
‖ (~x) ≡ [nˆ · ~v(~x)]n ρ(~x), (2.1)
where nˆ is the unit vector along the line of sight, and ~x denotes the position in real space.
Our observations are in redshift space, ~s:
~s = ~x+
nˆ · ~v(~x)
aH
nˆ, (2.2)
– 2 –
where H is the Hubble parameter. We can transform the density field through the continuity equation
ρ(~s)d3s = ρ(~x)d3x and compute the density-weighted velocity moments in redshift space:
p
(n)
‖ (~s) =
∫
d3x [nˆ · ~v(~x)]n ρ(~x)δ(D)
(
~s− ~x− nˆ · ~v(~x)
aH
nˆ
)
= ρ¯
∫
d3q
[
anˆ · ~˙Ψ(~q)
]n
δ(D) (~s− ~q −Ψs(~q, nˆ))
→
(
mNp
a3V
)
N3mesh
Np
Np−1∑
i=0
[nˆ · ~vi]n δ(K) (~s− ~si) . (2.3)
where the mean of mass density is given by the space-average with a survey volume V
ρ¯ ≡ 1
V
∫
d3xρ(~x)→
(
mNp
a3V
)
. (2.4)
The first, second, and third lines in Eq. (2.3) are the Euler, Lagrangian, and particle descriptions,
respectively. The continuity equation ρ(~x)d3x = ρ¯d3q relates the Eulerian and Lagrangian descriptions
as we transform to Lagrangian coordinates, ~q. The right arrow denotes the discretization: we use∫
d3q → (V/Np)
∑
i and δ
(D) → δ(K)/Vmesh, where δ(D) and δ(K) are the delta function and Kronecker
delta, and Vmesh is the volume in a shell we take. Each physical quantity a, ~v = a~˙Ψ,m, andNp denotes
the scale factor, the comoving velocity of particles, mass of particles, and the number of particles.
The number of mesh Nmesh is defined as N
3
mesh ≡ V/Vmesh. The lowest moment, n = 0, corresponds
to the mass density p
(n=0)
‖ = ρ.
In the Lagrangian description, the final positions of particles in real and redshift space are
represented as
~x = ~q + ~Ψ(~q)
~s = ~q + ~Ψs(~q, nˆ) ≡ ~q + ~Ψ(~q) + nˆ ·
~˙Ψ(~q)
H
nˆ (2.5)
where ~Ψ describes the displacement field and ~q are the initial particle positions.
We define the perturbation of the density-weighted velocity with a general form, as
δp
(n)
‖ (~s) ≡
p
(n)
‖ (~s)− p¯
(n)
‖
ρ¯
=
∫
d3x [nˆ · ~v(~x)]n ρ(~x)
ρ¯
[
δ(D)
(
~s− ~x− nˆ · ~v(~x)
aH
nˆ
)
− 1
V
]
=
∫
d3q
[
anˆ · ~˙Ψ(~q)
]n [
δ(D) (~s− ~q −Ψs(~q, nˆ))− 1
V
]
→ N
3
mesh
Np
Np−1∑
i=0
[nˆ · ~vi]n
[
δ(K) (~s− ~si)− 1
N3mesh
]
, (2.6)
where the mean of the density-weighted velocity is
p¯
(n)
‖ ≡
1
V
∫
d3sp
(n)
‖ (~s) =
1
V
∫
d3x [nˆ · ~v(~x)]n ρ(~x) = ρ¯
V
∫
d3q
[
anˆ · ~˙Ψ(~q)
]n
→
(
mNp
a3V
)
1
Np
Np−1∑
i=0
[nˆ · ~vi]n . (2.7)
The estimator of the two-point correlation function for the perturbation of the density-weighted
– 3 –
velocity is given by
ξˆ(n)(m)p (~s) =
1
V
∫
d3s1δp
(n)
‖ (~s+ ~s1)δp
(m)
‖ (~s1),
=
an+m
V
∫
d3q1
∫
d3q2
[
nˆ · ~˙Ψ(~q1)
]n [
nˆ · ~˙Ψ(~q2)
]m
×
[
δ(D)
(
~s− (~q1 − ~q2)−
(
~Ψs(~q1, nˆ)− ~Ψs(~q2, nˆ)
))
− 1
V
]
→ N
3
mesh
N2p
∑
i6=j
[nˆ · ~vi]n [nˆ · ~vj ]m δ(K) (~s− ~sij) + N
3
mesh
N2p
∑
i
[nˆ · ~vi]n+m δ(K)(~s)
− 1
N2p
∑
i,j
[nˆ · ~vi]n [nˆ · ~vj ]m , (2.8)
where ~sij = ~si − ~sj is the difference between final positions of particles. Then, the two-point corre-
lation function is given by ξ
(n)(m)
p = 〈ξˆ(n)(m)p 〉, where 〈· · · 〉 means ensemble average. This two-point
correlation function by definition satisfies
∫
d3sξ
(n)(m)
p (~s) = 0. The second term in the final line be-
haves as the shot noise term in Fourier space. In the case of n = m = 0, ξ
(0)(0)
p = ξm is the familiar
density-density correlation function and the third term in the final line reduces to −1. Furthermore,
one can derive from Eq. (2.8) a theoretically convenient expression of the estimator of the two-point
correlation function of the velocity field
ξˆ(n)p (~s) ≡
n∑
m=0
(−1)mn!
m! (n−m)! ξˆ
(n−m)(m)
p (~s)
=
N3mesh
N2p
∑
i,j
[nˆ · ~vi − nˆ · ~vj ]n
[
δ(K) (~s− ~sij)− 1
N3mesh
]
, (2.9)
where ξ
(n)
p = 〈ξˆ(n)p 〉. Note that the quantity measured in [1] is ξˆ(1)p (~s). In this expression, the self-
counting of particles vanishes due to the weight function [nˆ · ~vi − nˆ · ~vj ]n. The goal of this paper is to
analytically predict this expression and compare with the results from N -body simulations.
The power spectrum of the density-weighted velocity is defined as the Fourier transformation
of the two-point correlation functions P
(n)(m)
p ≡
∫
d3se−i
~k·~sξ(n)(m)(~s) and P
(n)
p ≡
∫
d3se−i
~k·~sξ(n)(~s).
Thus, the power spectrum estimators,
Pˆ (n)(m)p (
~k) =
V
N2p
∑
i,j
[nˆ · ~vi]n [nˆ · ~vj ]m
[
e−i
~k·~sij − δ(K)(~k)
]
Pˆ (n)p (
~k) =
V
N2p
∑
i,j
[nˆ · ~vi − nˆ · ~vj ]n
[
e−i
~k·~sij − δ(K)(~k)
]
, (2.10)
are directly related to the underlying power spectra, P
(n)(m)
p = 〈Pˆ (n)(m)p 〉 and P (n)p = 〈Pˆ (n)p 〉. These
power spectrum can also be measured from data by correlating a CMB map with the p-th power of
the reconstructed velocity field. In particular, the estimators of the power spectra Pˆ
(n≥1)
p defined here
have no shot-noise term, because the self-counting of particles are removed due to the weight function
(nˆ · ~vi − nˆ · ~vj)n. We can ignore the second term proportional to δ(K)(~k) in measuring the power
spectrum, because the term only contributes to a bin including ~k = 0 and guarantees P (n)(m)(~k =
0) = P (n)(~k = 0) = 0 which corresponds to
∫
d3sξ(n)(m)(~s) =
∫
d3sξ(n)(~s) = 0. Therefore, we only
have to set P (n)(m)(~k = 0) = P (n)(~k = 0) = 0 at the end of calculation by hand.
Since the power spectra are not isotropic, we expand the density-weighted power spectrum and
two-point correlation function in the Legendre polynomials.
P (n)p (
~k, nˆ) =
∞∑
ℓ=0
P
(n)
p,ℓ (k)Lℓ(kˆ · nˆ), and ξ(n)p (~s, nˆ) =
∞∑
ℓ=0
ξ
(n)
p,ℓ (s)Lℓ(sˆ · nˆ), (2.11)
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where the two-point correlation function is given by
ξ
(n)
p,ℓ (s) = i
ℓ
∫
d3k
(2π)3
jℓ(sk)P
(n)
p,ℓ (k). (2.12)
Note that ξ
(n=odd)
p and ξ
(n=even)
p contain only odd- and even-pole terms in the Legendre expansion,
respectively, and the same is true for the power spectrum.
Eq. (2.10) yields a simple relation between the estimators of the power spectra for density-
weighted velocity and dark matter particles
Pˆ (n)(m)p (
~k) = (−1)m
(
i
aH
~k · nˆ
)n+m [
dn
dγn1
dm
dγm2
Pˆ (0)(0)p
(
~k; γ1, γ2
)] ∣∣∣∣
γ1=γ2=1
,
Pˆ (n)p (
~k) =
(
i
aH
~k · nˆ
)n [
dn
dγn
Pˆ (0)p (
~k; γ)
] ∣∣∣∣
γ=1
. (2.13)
where the spectra of the lowest moment velocity are defined as
Pˆ (0)(0)p
(
~k; γ1, γ2
)
≡ V
N2p
∑
i,j
[
e−i
~k·~xij−i
~k·nˆ
aH
(γ1nˆ·~vi−γ2nˆ·~vj)
]
,
Pˆ (0)p
(
~k; γ
)
≡ V
N2p
∑
i,j
[
e−i
~k·~xij−iγ
~k·nˆ
aH
(nˆ·~vi−nˆ·~vj)
]
. (2.14)
Note that Pˆ
(n=odd)
p are by definition imaginary. In the case that γ1, γ2, and γ are unity, Pˆ
(0)(0)
p (~k, γ1 =
1, γ2 = 1) and Pˆ
(0)(0)
p (~k, γ = 1) reduce to the matter power spectrum Pˆm(~k) = Pˆ
(0)(0)
p (~k) = Pˆ
(0)
p (~k) in
redshift space. Thus, the matter power spectrum behaves as the generating function of the density-
weighted velocity power spectrum [12]. The expressions of Pˆ
(n)(m)
p are equivalent to those used in
the distribution function approach method [8, 13–17]. In particular, provided that the velocity field
~v is proportional to f = d lnD/d ln a with D being the linear growth factor, we finally derive from
Eq. (2.13) 1
Pˆ (n)p (
~k, nˆ) =
(
i
aHf
~k · nˆ
)n
∂n
∂fn
Pˆm(D, f,~k, nˆ). (2.16)
This is the main result in this paper. Eq. (2.16) relates all of the power spectra of density-weighted
velocity moments in redshift space to the matter power spectrum including redshift space distortions.
Note that this expression is derived from the particle description so can be used as the estimators
for measuring the power spectra. Therefore, Eq. (2.16) is valid as long as the electron velocity is
proportional to the growth rate of structure, ~v ∝ f . This expression holds even for halos as far as
the velocities of halos are defined as a linear combination of velocities of dark matter particles such
as velocities of halo centers, because then the velocities of halos are still proportional to the growth
rate f , and the power spectrum for halos is measured using the same estimator as that for dark
matter particles. In the following sections, we compute the power spectrum and two-point correlation
function of the density-weighted velocity for dark matter particles using Eq. (2.16) and Lagrangian
perturbation techniques, and compare with the results measured from N -body simulations. If we
had used alternative approaches such as the renormalized perturbation theory [36], the effective
field theory approach [30–32], the convolution Lagrangian perturbation theory [9], the distribution
function approach [8, 13–17], the integrated perturbation theory [18, 33, 34], and the TNS model [35],
to compute the density power spectrum, Eq. (2.16) could still be used to compute the density-weight
velocity power spectrum.
1 In real space, this expression reduces to
Pˆ
(n)
p (~k) =
(
i
aHf
~k · nˆ
)n [ ∂n
∂fn
Pˆm(D, f,~k, nˆ)
] ∣∣∣∣∣
f=0
. (2.15)
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3 Theoretical calculations
3.1 Analytical expressions
We have shown that the power spectrum of density-weighted velocity can be directly derived from the
matter density power spectrum using Eq. (2.16). The analytical expression of the power spectrum is
given by using the ensemble average 〈· · · 〉 for Eq. (2.10)
〈
Pˆm(~k)
〉
=
V
N2p
Np−1∑
j=0
Np−1∑
|i−j|=0
e−i
~k·(~qi−~qj)
〈
e−i
~k·(~Ψs(~qi−~qj ,nˆ)−~Ψs(0,nˆ))
〉
=
V
Np
Np−1∑
α=0
e−i
~k·~qα
〈
e−i
~k·(~Ψs(~qα,nˆ)−~Ψs(0,nˆ))
〉
=
V
Np
Np−1∑
α=0
e−i
~k·~qαeΣ(
~k,~qα,nˆ)−Σ¯(~k,nˆ), (3.1)
where we used
∑
i,j =
∑Np−1
j=0
∑Np−1
|i−j|=0 and α = |i − j|, and we expressed the final positions of
particles using the displacement vector including the redshift space distortion: ~si = ~qi + ~Ψ(~qi) +
nˆ·~˙Ψ(~qi)
H nˆ ≡ ~qi+ ~Ψs(~qi, nˆ). Note that in a context of simulations the ensemble average means averaging
measured power spectra using infinite realizations. From the translation symmetry of the ensemble
average in the first line of Eq. (3.1), we can take j = 0 in the summation
∑Np−1
|i−j|=0 without loss of
generality, remaining the single summation
∑Np−1
α=0 in the second line. Furthermore, we need to set
P (n)(~k = 0) = 0 at the end of calculation, because we ignored the delta function δ(D)(~k) in Eq. (2.10).
The correlation functions of the displacement vector are defined using the cumulant 〈· · · 〉c as [10, 18]
Σ(~k, ~qα, nˆ) =
∞∑
n=2
n−1∑
m=1
(−i)n(−1)m
m!(n−m)!
〈[
~k · ~Ψs(~qα, nˆ)
]n−m [
~k · ~Ψs(0, nˆ)
]m〉
c
,
Σ¯(~k, nˆ) = Σ(~k, ~qα = 0, nˆ) = −2
∞∑
n=1
(−1)n
(2n)!
〈[
~k · ~Ψs(0, nˆ)
]2n〉
c
. (3.2)
We can directly compute Eq. (3.1) using the Discrete Fourier Transformation (DFT), even though
the computational cost is expensive: for a wavenumber ~k = O (N3mesh), we need the summation of
the number of particles O (Np), resulting in the computational cost O
(
N3mesh ×Np
)
.
3.2 Approximation method
We present a technique to quickly compute the matter power spectrum in Eq. (3.1) as studied in [10].
First, we express the summation in Eq. (3.1) using an integral representation VNp
∑Np−1
α=0 =
∫
d3q.
Next, we expand the correlation function of the displacement vector Σ in the associated Legendre
polynomials
Σ(~k, ~q, nˆ) =
∞∑
ℓ=0
ℓ∑
m=0
iℓΣmℓ (k, q, µk)Lmℓ (µ) cos (mϕ) , (3.3)
where µ = kˆ · qˆ, µk = nˆ · kˆ, and nˆ · qˆ = µµk +
√
1− µ2√1− µ2k cos(ϕ). Finally, we use the following
expansion for the power spectrum
〈
Pˆm(~k)
〉
=
∞∑
n=0
1
n!
∫
dqq2dµdϕe−ikqµeΣ
0
0(k,q,µk)−Σ¯(k,µk)
(
∞∑
ℓ=1
ℓ∑
m=0
iℓΣmℓ (k, q, µk)Lmℓ (µ) cos (mϕ)
)n
.(3 4)
– 6 –
By analytical calculation of the angular integral in
∫
d3q =
∫
dqq2
∫
dµdϕ, the 3-dimensional integral
reduces to the single integral
∫
dqq2. In our previous work [10], we verified that this expression quickly
converges to the true Lagrangian power spectrum. In this paper we compute this expansion up to
n = 2.
It is worth noting that the expression in Eq. (3.4) includes the volume integral of the Lagrangian
coordinate
∫
d3q, which comes from the summation of pairs of particles in the estimator of the
power spectrum as shown in Eq. (3.1) 2. Furthermore, we keep exp
(
Σ00(k, q, µk)
)
in the integrand
of Eq. (3.4) un-expanded. The expression in Eq. (3.4) contains infinite mode-couping integrals in
Fourier space. Expanding exp (Σ) and truncating it at a finite order, exp (Σ) = 1 + Σ+ 12 (Σ)
2 + . . . ,
yields finite mode-coupling integrals through the convolution theorem. These facts do not depend on
the functional form of the correlation function of the displacement vector in Eq. (3.3), and even the
Zel’dovich approximation [19], which is the linear approximation of the displacement vector, contains
infinite mode-couping integrals [10, 36].
As pointed out in [21, 22], the Zel’dovich approximation can well explain the broadening and
evolution of the baryon acoustic peak in the density correlation function around the scales of r &
60h−1Mpc. Furthermore, many resummation techniques of bulk flow motions in the Eulerian de-
scription of perturbation theories to accounts for the non-linear feature of the baryon acoustic peak
are closely related to the Zel’dovich approximation (e.g., see Introduction in the original renormal-
ized perturbation theory paper [36]). The positions and velocities of dark matter particles in the
Zel’dovich approximation evolve in the linear gravitational potential through the equation of motion
in Eq. (3.5), while the density field evolves non-linearly through the relation between the density field
and the position of particles in Eq. (2.3). In this sense, the main contributions to the broadening
of the baryon acoustic peak comes from the change in particle positions in the linear gravitational
potential, and non-linear gravitational effects are negligible. In Appendix A, we demonstrate that the
Zel’dovich approximation explains the behavior of the peak broadening even in the density-weighted
velocity correlation function.
The full non-linear continuity equation plays a key role to explain the effect of the redshift
space distortion, because the effect comes only from the coordinate transformation via the continuity
equation ρ¯d3q = ρ(~x)d3x = ρ(~s)d3s. For analytic prediction of the redshift space distortion effect,
we need to compute infinite mode-coupling integrals from the velocity field through the continuity
equation, which is achieved by the volume integral in Eq. (3.4).
3.3 Gravitational effects
The equation-of-motion describes the non-linear gravitational effects on the evolution of the displace-
ment vector:
~¨Ψ(~qi) + 2H~˙Ψ(~qi) = − 1
a2
∂
∂~x
δφ(~x) (3.5)
with the irrotational condition ∇ × ~v = 0 and the Poisson equation ∇2a2 δφ = 32H2Ωmδm, where δφ
is the gravitational potential, and Ωm is the cosmological parameter of total matter. We expand
this equation in a perturbation expansion. The displacement vector is described in the perturbation
expansion using D and f ,
~Ψ(z, ~q) =
∞∑
α=1
Dα(z)~Ψ(α)(z = 0, ~q), (3.6)
2 As a simple relation to previous works, the Γ-expansion [20] is the general formula to classify the non-linear
correction terms to the matter power spectrum with mode-coupling integrals in Fourier space. The power spectrum in
the Γ-expansion is given by
Pm(k) =
∞∑
n=1
∫
d3p1
(2π)3
. . .
∫
d3pn
(2π)3
(2π)3 δ(D)(~k − ~p1 − · · · − ~pn)
[
Γ(n)(~p1, . . . , ~pn)
]2
P0(p1) · · ·P0(pn),
where ~p1 . . . ~pn are wavenumber and P0 is the initial linear power spectrum. Since infinite mode-coupling integrals are
generated from the non-linear relation between the power spectrum and the displacement vector in Eq. (3.1), through
Eq. (3.4) we can compute infinite orders of the Γ-expansion (see Sec.5.3. in [10]).
– 7 –
where ~Ψ(α) = O ((δlin)α) with δlin being the linear matter density perturbation. This separation of
variables holds in the linearized theory or in the case of f2 = Ωm in the non-linear theory. Since it
is well known that f ≈ Ω0.55m is a good approximation in General relativity (GR) [23], we use this
expansion for any cosmology in GR. Then, the velocity field ~v = ~˙Ψ is proportional to f , and we can
use the simple relation between the density-weighted power spectrum and the matter power spectrum
in Eq. (2.16).
In the linearized theory, we derive from Eq. (2.16)
〈
Pˆ (1)p (
~k)
〉
=
(
i
aHf
kµk
)
∂
∂f
(
b+ fµ2k
)2
D2P0(k) = 2iaHfµk
(
b+ fµ2k
)
D2
P0(k)
k
,
〈
Pˆ (2)p (
~k)
〉
=
(
i
aHf
kµk
)2
∂2
∂f2
(
b+ fµ2k
)2
D2P0(k) = −2 (aHf)2 µ2kD2
P0(k)
k2
, (3.7)
where P0 denotes the linear power spectrum at the present time, and
(
b+ fµ2k
)2
is the Kaiser factor [7]
with the linear halo bias b. It should be noted that the difference between P (1)(1) and P (2) in
Eq. (2.10) comes from non-linear corrections, and P (1)(1) is simply related to P (2) in linear theory:
P (1)(1) = −P (2)/2. These expressions are consistent with the result of the previous work (Eq. (2.22)
in [8]).
We consider up to the third order displacement vector in the perturbation theory: ~Ψ = ~Ψ(1) +
~Ψ(2) + ~Ψ(3). Then, the correlation functions of the displacement vectors Σ are truncated up to the
1-loop order Σ = Σlin +Σ1-loop +O
(
(P0)
3
)
, where “n-loop” means O (Pn+10 ). Specific expressions of
Σ at the 1-loop order are summarized in [10].
3.4 Finite volume and sampling effects in simulations
To account for the finite volume and finite particle effects in simulations, we restrict the range of
wavenumber in the linearized power spectrum we use for calculation: 2π/L < k < 2πN
1/3
p /L, where
L denotes box size in simulations. Furthermore, we choose the range of the volume integration as
0 ≤ q ≤ L in Eq. (3.1).
4 Measurement of the power spectrum and two-point correlation function
from N-body simulations
Unfortunately, evaluating Equation (2.10) is computationally expensive: computing a vector of wavenum-
ber ~k = O (N3mesh) requires O (N3mesh ×Np) operations. To speed the calculation, we define an al-
ternative estimator of the power spectrum: the square of the Fourier-transformed density-weighted
velocity field given by Eq. (2.3) using the cloud in cell (CIC) particle assignment method with the
finite number of grid points Nmesh,
Pˆ (n)(m)p (
~k) =
[
δp
(n)
‖ (
~k)
] [
δp
(m)
‖ (
~k)
]∗
Pˆ (n)p (
~k) =
n∑
m=0
(−1)mn!
m! (n−m)!
[
δp
(n−m)
‖ (
~k)
] [
δp
(m)
‖ (
~k)
]∗
(4.1)
where δp
(n)
‖ (
~k) =
∫
d3se−i
~k·~sδp
(n)
‖ (~s). We adoptNmesh = 512, and in the limit of largeNmesh, Eq. (4.1)
converges to Eq. (2.10). Here, the shot noise term in Pˆ
(n)(m)
p is given by
CCIC(~k)
n¯

 1
Np
Np−1∑
i=0
[nˆ · ~vi]n+m

 , (4.2)
where n¯ ≡ Np/V , and the proportional factor in the shot noise term is derived from the second
term in the final line of Eq. (2.8), while Pˆ
(n≥1)
p has no shot-noise term due to the cancellation of
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the self-counting of particle pairs in the weight function (nˆ · ~vi − nˆ · ~vj)n as mentioned in Sec. 2. The
scale-dependent correction function to the shot-noise term for the CIC particle alignment CCIC is
given by [24]
CCIC(~k) =
∏
i=x,y,z
[
1− 2
3
sin2
(
πki
2kN
)]
, (4.3)
where kN = πNmesh/L with L being box size of simulations. These estimators satisfy Pˆ
(n)(m)(~k =
0) = Pˆ (n)(~k = 0) = 0.
We compute the two-point correlation function as the inverse Fourier transformation ξ(n)(m)(~s) =∫
d3k
(2π)3 e
i~k·~sP (n)(m)(~k) and ξ(n)(~s) =
∫
d3k
(2π)3 e
i~k·~sP (n)(~k), because the analytical approach also use the
inverse Fourier transformation for computing the two-point correlation function in Eq. (2.12). The
computed two-point correlation function by definition satisfies
∫
d3sξ(n)(m)(~s) =
∫
d3sξ(n)(~s) = 0 due
to the condition of P (n)(m)(~k = 0) = P (n)(~k = 0) = 0. In inverse Fourier transform to obtain the
power spectrum, we use exactly the same integral range of wavenumber for the analytical prediction
and the measurement from simulation data for fair comparison. We have checked that our simulation
results for the correlation functions agree with the results using one double the Nyquist frequency
within a few percent level at scales larger than ∼ 20 h−1Mpc. This is sufficient for our purpose,
which is to compare perturbation theories with N -body simulations for the density-weighted velocity
statistics at mildly non-linear scales.
5 Results
For the N -body simulations, we use Gadget2 [25, 26] with the initial condition in the Zel’dovich
approximation generated by 2LPT [27] at a redshift of z = 99.0. We use the best fitting cosmological
parameters from Planck2015 [28]: Ωm = 0.308, ΩΛ = 0.692, Ωb = 0.048, h = 0.678, σ8 = 0.815,
and ns = 0.968. We calculate the linearized power spectrum using CLASS [29] The box size L
and the number of particles Np are L = 1024 [h
−1 Mpc] and Np = 512
3, respectively. The num-
ber of realizations is 30. The errors in simulation are estimated by
√
Cov
(
P
(n)
p,ℓ (k), P
(n)
p,ℓ (k)
)
/
√
30
and
√
Cov
(
ξ
(n)
p,ℓ (s), ξ
(n)
p,ℓ (s)
)
/
√
30, which are typically smaller than the size of circles in figures, and
therefore, are hardly visible. We set bin widths in the power spectrum and correlation function as
dk = 0.01hMpc−1 and ds = 3h−1Mpc, respectively. Note that since the purpose of this paper is to
test the accuracy of our new formula (Eq.2.16), we do not consider any observational systematics such
as astrophysical effects on kSZ surveys. More realistic forecasts will be provided in our future paper
(Sugiyama, Okumura, Spegel in prep.).
We compare our analytical predictions from Eqs. (3.4) and (2.13) with the N -body simulation
results. In doing so, we define
∆
(n)
p,ℓ (
~k) ≡ iℓ k
3
2π2
P
(n)
p,ℓ (
~k), (5.1)
where ∆
(0)
p,ℓ is the dimensionless power spectrum of density fluctuations, and ∆
(n≥1)
p,ℓ have the dimension
of the nth power of velocity [km/s]n. It should be noted that the quantity that was measured in [1]
is closely related to the dipole of the matter two-point correlation function ξ
(1)
p,1 in redshift space.
Therefore, we mainly focus on ∆
(1)
ℓ=1 and ξ
(1)
ℓ=1 in this paper. Furthermore, as one of applications of
our formalism in Eq. (2.16) we investigate higher order density-weighted velocity statistics P
(n=2)
p
and ξ
(n=2)
p . The properties of higher multi-pole moments of P
(1)
p , ξ
(1)
p , P
(2)
p , and ξ
(2)
p are summarized
in Appendix B.
5.1 Comparison between real and redshift space
To clarify the importance of redshift space distortions in the density-weighted velocity statistics,
we plot the dipole terms of ∆
(1)
p and ξ
(1)
p in both real space and redshift space at the redshift of
– 9 –
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Figure 1. Dipole terms of the density-weighted velocity power spectrum ∆
(1)
p and two-point correlation
function ξ
(1)
p are plotted in both real and redshift space at a redshift of z = 0. Blue and red symbols denote
the results of the N-body simulations in real and redshift space, and cyan and magenta symbols are measured
from the particle distribution in the Zel’dovich approximation. Cyan and magenta solid lines represent the
numerically computed analitical predictions in Eqs. (2.16) and (3.4). The quantity that was measured in [1]
is the two-point correlation function of the galaxy halos which is closely related to the matter two-point
correlation function ξ
(1)
p in redshift space. If two particles are moving toward each other, their contribution to
∆
(1)
ℓ=1 and ξ
(1)
ℓ=1 will be negative, ∆
(1)
ℓ=1 < 0 and ξ
(1)
ℓ=1 < 0, and if moving apart, positive ∆
(1)
ℓ=1 > 0 and ξ
(1)
ℓ=1 > 0.
Gravitational attraction predicts a slight tendency of any pair of objects to be moving toward rather than
away from each other at large scales, resulting in the negative values of ∆
(1)
ℓ=1 and ξ
(1)
ℓ=1. The signs of ∆
(1)
ℓ=1 and
ξ
(1)
ℓ=1 change from negarive to positive at mildly non-linear scales in both the N-body simulation and Zel’dovich
approximation, because the positions of particles move in the direction of their line-of-sight velocity through
the coordinate transformation from real to redshift space, and different two particles apparently path through
and move away from each other in redshift space.
z = 0.0 in Figure 1. Blue and red symbols denote the predictions from the N -body simulations in
real space and redshift space, respectively. Furthermore, we compute the results in the Zel’dovich
approximation in two ways. The first is the measurement from particle distributions in the Zel’dovich
approximation (cyan and magenta symbols), and the second is the numerically computed solution in
the perturbation theory in the Zel’dovich approximation discussed in Sec. 3 (cyan and magenta solid
lines). If two objects (dark matter particles, halos, galaxies, and galaxy clusters) are moving toward
each other, their contribution to ∆
(1)
ℓ=1 and ξ
(1)
ℓ=1 will be negative, ∆
(1)
ℓ=1 < 0 and ξ
(1)
ℓ=1 < 0, and if
moving apart, positive ∆
(1)
ℓ=1 > 0 and ξ
(1)
ℓ=1 > 0. Gravitational attraction predicts a slight tendency of
any pair of objects to be moving toward rather than away from each other at large scales, resulting
in the negative values of ∆
(1)
ℓ=1 and ξ
(1)
ℓ=1.
In real space, we find the change in sign of ∆
(1)
ℓ=1 from negative to positive in the Zel’dovich
approximation at small scales around k ∼ 0.6 hMpc−1 (see cyan symbols in the left panel of Figure 1).
This means that the Zel’dovich particles move apart from each other at those scales, because they do
not form halos and pass through each other at small scales, smearing small scale structure. On the
other hand, the N -body simulation can form halos, and dark matter particles are trapped in halos,
resulting in the infall velocity until scales around virial radius of halos and random motion of particles
within virial radius. As the result, the ∆
(1)
ℓ=1 and ξ
(1)
ℓ=1 measured from the N -body simulation keep to
be negative within the range of scales in Figure 1 (see blue symbols).
In redshift space, the signs of ∆
(1)
ℓ=1 and ξ
(1)
ℓ=1 change from negative to positive in both the N -body
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Figure 2. Dipole terms of the density-weighted velocity power spectra ∆
(1)
p defined in Eqs (2.16) and (5.1)
are plotted at redshifts of z = 0.0, 0.5, and 1.0. Each line denotes 3LPT (red), ZA (blue), and linearized
theory (black), where 3LPT is the main result in this paper. The N-body results are shown for dark matter
particles (red points). Higher order perturbation corrections (3LPT), which is computed without using any
free parameters, improve the Zel’dovich approximation until k ∼ 0.1 hMpc
−1 at any redshift in both real and
redshift space.
simulation and the Zel’dovich approximation at mildly non-linear scales (k ∼ 0.1-0.3 hMpc−1) [8].
This is due to redshift space distortions which is the coordinate transformation from real to redshift
space in Eq. (2.2). Since the positions of particles move in the direction of their line-of-sight velocities
through the coordinate transformation, different two particles apparently path through and move
away from each other in redshift space at mildly small scales. It should be noted that even in the
Zel’dovich approximation this effect appear, and the sign of the Zel’dovich power spectrum changes
at weakly non-linear scales (from k ∼ 0.6 hMpc−1 in real space to k ∼ 0.3 hMpc−1 in redshift space).
Thus, redshift space distortions give rive to the change in signs of ∆
(1)
ℓ=1 and ξ
(1)
ℓ=1 at the mildly small
scales regardless of whether halos are formed in particle distributions. In this sense, the change in
signs occurs due to the non-linear velocity dispersion effect. The so-called “Finger-of-God (FOG)”
effect is a part of the effect, because the FOG effect is the coordinate transformation by random
motion of particles within halos.
Finally, in the Zel’dovich approximation the numerically computed solutions of Eqs. (2.16) and
(3.1) agree well with the measurements from particle distributions in the Zel’dovich approximation
for both the power spectrum and correlation function and in both real and redshift space. This fact
guarantees the validity of the technique to compute the non-linear power spectrum in the Lagrangian
description with redshift space distortions discussed in Sec. 3 (see also Appendix C). Furthermore,
this good agreement also implies the validity of an algorithm used to measure the density-weighted
velocity statistics from simulation data, because these two methods to compute the Zel’dovich power
spectrum are independent of each other. In the next subsection, we investigate how higher order
perturbation corrections improve the Zel’dovich approximation.
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Figure 3. Dipole terms of the density-weighted velocity correlation function ξ
(1)
p are plotted at redshifts
of z = 0.0, 0.5, and 1.0. Each line denotes 3LPT (red), ZA (blue), and linearized theory (black), and the
N-body results are shown for dark matter particles (red points). The quantity that was measured in [1] is
the two-point correlation function of the galaxy halos which is closely related to the dipole term of the matter
two-point correlation function ξ
(1)
p in redshift space.
5.2 Comparison between perturbation theories and N-body simulations
In Figures 2 and 3, we show ∆
(1)
ℓ=1 and ξ
(1)
ℓ=1 computed using the perturbation theory discussed in Sec. 3
and the N -body simulation at the redshifts of z = 0.0, 0.5, and 1.0 and in both real and redshift
space.
Our analytical approach in Sec. 3 can take account into non-linear effects from the coordinate
transformation from real space to redshift space. Therefore, we can interpret the main difference
among the Zel’dovich approximation (blue line), the 3LPT solution (red line), and the N -body sim-
ulation (red points) as non-linear gravitational effects which yields non-linear corrections to the dis-
placement vector and peculiar velocity of particles. While the Zel’dovich approximation and the 3LPT
solution include the linear and third order gravitational potentials in the perturbation expansion, the
N -body simulation considers the full non-linear gravitational potential.
In real space, until scales around k ∼ 0.1 hMpc−1 and s ∼ 30 h−1Mpc, the 3LPT solution is a
clear improvement over the Zel’dovich approximation and is a better fit to the N -body simulations
at any redshifts. At small scales, the 3LPT solution emphasizes the feature of the Zel’dovich approx-
imation that particles move away from each other, because non-linear displacement vectors in 3LPT
do not form halos.
In redshift space, one of the most important features of ∆
(1)
ℓ=1 and ξ
(1)
ℓ=1 is the change in signs
of ∆
(1)
ℓ=1 and ξ
(1)
ℓ=1 themselves at mildly small scales due to redshift space distortions as discussed in
Sec. 5.1 (see also [8]). This characteristic feature is explained even by the Zel’dovich approximation.
This fact implies the importance of the full non-linearities from the continuity equation for predict-
ing the redshift space distortion in Sec. 3, because the Zel’dovich approximation only includes the
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Figure 4. Same as Figures 2. These figures show the monopole terms of ∆
(2)
p .
linearized gravitational potential as well as linear theory which is scale-independent. Similarly, there
is an obvious difference between the 3rd order standard perturbation theory (3SPT) and 3LPT as
shown in Appendix D, where both of the theories include the 3rd order gravitational potential in the
perturbation theory. Comparing with the Zel’dovich approximation, 3LPT, and the N -body simula-
tion, we find that the change of the direction of the infall velocity is emphasized by the non-linear
gravitational effect. Compared to the results in real space, we find that the 3LPT solution improves
the Zel’dovich approximation at any redshifts until k ∼ 0.1 hMpc−1 and s ∼ 30 h−1Mpc also in
redshift space.
As another application of our formalism, Figures 4 and 5 show the monopole terms of ∆
(2)
p and
ξ
(2)
p . We find that the 3LPT solution is a better fit to the N -body simulations than the Zel’dovich
approximation. The 3LPT solutions can explain the N -body results until k ∼ 0.05 hMpc−1 and
s ∼ 30 h−1Mpc in both real and redshift space at any redshifts.
Formulation of the density-weighted velocity statistics in redshift space has been done in [8]
based on the distribution function approach (DFA) [13]. [8] adopted the Eulerian description and
considered finite mode-coupling integrals corresponding to the 1-loop SPT. Because the PT model
predictions diverge at high k, [8] needed to introduce the smoothing function to obtain the correlation
function although the filter effects were shown to be negligible on scales larger than 5 h−1Mpc [17].
Furthermore, [8] introduced free parameters for the nonlinear velocity dispersion for dark matter
power spectrum, based on the halo model [16]. On the other hand, our formalism use the Lagrangian
description with infinite mode-couping integrals of wavenumber in computing the power spectra, and
we do not need to introduce a free parameter for the nonlinear velocity dispersion and a window
function to obtain the correlation function.
The model predictions for the velocity correlation function were compared to N -body simulations
in both real space [4, 8, 37] and in redshift space [8], and the predictions were systematically smaller
than the N -body measurements even at very large scales. This discrepancy could be explained by
the finite volume effect. We take into account the finite volume effect in computing the correlation
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function, enabling to fit the analytical predictions to the N -body simulation results at linear regions
(Appendix E).
6 Conclusion
This paper presents analytic predictions for the galaxy-weight KSZ signal, a measurement that com-
bines CMB observations with galaxy redshift surveys. This signal measures the galaxy momentum in
redshift space and is potentially a powerful new cosmological probe.
We derived a simple relation between the density power spectrum and the density-weighted
velocity power spectrum Eq. (2.16) that holds for dark matter particles, the electron density field,
and halos. In this paper, we use Lagrangian perturbation techniques to predict the non-linear matter
power spectrum and then compute the density-weighted velocity power spectrum. If we had used
alternative approaches to compute the density power spectrum, Eq. (2.16) could still be used to
compute the density-weight power spectrum.
Using third order LPT, we compute the predicted galaxy-weighted velocity field and compare
with the results of N -body simulations (Figures 2 and 3). While we use LPT to approximately treat
the non-linear gravitational effects, we follow [9–11] and do not make any approximations in our
Lagrangian calculation of the density non-linearities. Rather, we use the continuity equation and
represent the transformation to redshift space as a coordinate transformation. In the mildly non-
linear regions, scales larger than ≃ 30 h−1Mpc, our predictions agree with the simulation at various
redshifts of z = 0.0, z = 0.5, and z = 1.0 in both real and redshift space. Our model explains the
change in sign in the KSZ two point correlation function at small scales.
This effect is due to the change in the direction of infall velocity of particles in redshift space. This
characteristic feature appears even in the Zel’dovich approximation that only includes the linearized
gravitational potential, and is enhanced when we include non-linear gravitational effects through
higher order perturbation theory. Our prediction can explain this feature without using any free
– 14 –
parameters: this underscores the importance of considering the full non-linear effect by describing
redshift space distortions as a coordinate transformation.
In this paper, we have calculated the non-linear matter density field. The next step in the
calculation is compute the non-linear halo density field. This requires computing the relation between
dark matter distribution to halo distribution. Appendix F shows significant differences between dark
matter particles and halos even on mildly non-linear scales. Thus, it will be necessary to accurately
model halo bias even at scales where the perturbation theory works well. We defer modeling the
scale-dependent halo bias to a future paper.
Acknowledgments
We thank E.Schaan, M. Shirasaki, K. Osato, and N. Yoshida for useful comments. Numerical compu-
tations were carried out on Cray XC30 at Center for Computational Astrophysics, National Astronom-
ical Observatory of Japan. NSS was supported by a grant from the Japan Society for the Promotion
of Science (JSPS) (No. 24-3849) during his stay at Princeton. NSS acknowledges financial support
from Grant-in-Aid for Scientific Research from the JSPS Promotion of Science (25287050). T.O. was
supported by Grant-in-Aid for Young Scientists (Start-up) from the Japan Society for the Promotion
of Science (JSPS) (No. 26887012). D.N.S. was partially supported by NSF grant AST-1311756 and
NASA grants NNX12AG72G and NNX14AH67G.
References
[1] N. Hand, G. E. Addison, E. Aubourg, N. Battaglia, E. S. Battistelli, et. al., Evidence of Galaxy Cluster
Motions with the Kinematic Sunyaev-Zel’dovich Effect, Phys.Rev.Lett. 109 (2012) 041101,
[arXiv:1203.4219].
[2] Planck Collaboration, P. Ade et. al., Planck intermediate results. XXXVII. Evidence of unbound ” gas
from the kinetic Sunyaev-Zeldovich effect, arXiv:1504.03339.
[3] R. Sunyaev and Y. Zeldovich, The Velocity of clusters of galaxies relative to the ” microwave
background. The Possibility of its measurement, Mon.Not.Roy.Astron.Soc. 190 (1980) 413–420.
[4] S. Bhattacharya and A. Kosowsky, Dark Energy Constraints from Galaxy Cluster Peculiar Velocities,
Phys.Rev. D77 (2008) 083004, [arXiv:0712.0034].
[5] Y.-Z. Ma and G.-B. Zhao, Dark energy imprints on the kinematic Sunyaev-Zel’dovich signal, Phys.Lett.
B735 (2014) 402–411, [arXiv:1309.1163].
[6] E.-M. Mueller, F. de Bernardis, R. Bean, and M. Niemack, Constraints on gravity and dark energy from
the pairwise kinematic Sunyaev-Zeldovich effect, arXiv:1408.6248.
[7] N. Kaiser, Clustering in real space and in redshift space, Mon.Not.Roy.Astron.Soc. 227 (1987) 1–27.
[8] T. Okumura, U. Seljak, Z. Vlah, and V. Desjacques, Peculiar velocities in redshift space: formalism,
N-body simulations and perturbation theory, JCAP 1405 (2014) 003, [arXiv:1312.4214].
[9] J. Carlson, B. Reid, and M. White, Convolution Lagrangian perturbation theory for biased tracers,
Mon.Not.Roy.Astron.Soc. 429 (2013) 1674, [arXiv:1209.0780].
[10] N. S. Sugiyama, Using Lagrangian perturbation theory for precision cosmology, Astrophys.J. 788 (2014)
63, [arXiv:1311.0725].
[11] Z. Vlah, U. Seljak, and T. Baldauf, Lagrangian perturbation theory at one loop order: successes,
failures, and improvements, Phys.Rev. D91 (2015), no. 2 023508, [arXiv:1410.1617].
[12] R. Scoccimarro, Redshift-space distortions, pairwise velocities and nonlinearities, Phys.Rev. D70 (2004)
083007, [astro-ph/0407214].
[13] U. Seljak and P. McDonald, Distribution function approach to redshift space distortions, JCAP 1111
(2011) 039, [arXiv:1109.1888].
[14] T. Okumura, U. Seljak, P. McDonald, and V. Desjacques, Distribution function approach to redshift
space distortions. Part II: N-body simulations, JCAP 1202 (2012) 010, [arXiv:1109.1609].
– 15 –
[15] T. Okumura, U. Seljak, and V. Desjacques, Distribution function approach to redshift space distortions,
Part III: halos and galaxies, JCAP 1211 (2012) 014, [arXiv:1206.4070].
[16] Z. Vlah, U. Seljak, P. McDonald, T. Okumura, and T. Baldauf, Distribution function approach to
redshift space distortions. Part IV: perturbation theory applied to dark matter, JCAP 1211 (2012) 009,
[arXiv:1207.0839].
[17] Z. Vlah, U. Seljak, T. Okumura, and V. Desjacques, Distribution function approach to redshift space
distortions. Part V: perturbation theory applied to dark matter halos, JCAP 1310 (2013) 053,
[arXiv:1308.6294].
[18] T. Matsubara, Resumming Cosmological Perturbations via the Lagrangian Picture: One-loop Results in
Real Space and in Redshift Space, Phys.Rev. D77 (2008) 063530, [arXiv:0711.2521].
[19] Y. Zeldovich, Gravitational instability: An Approximate theory for large density perturbations,
Astron.Astrophys. 5 (1970) 84–89.
[20] F. Bernardeau, M. Crocce, and R. Scoccimarro, Multi-Point Propagators in Cosmological Gravitational
Instability, Phys.Rev. D78 (2008) 103521, [arXiv:0806.2334].
[21] S. Tassev, Lagrangian or Eulerian; Real or Fourier? Not All Approaches to Large-Scale Structure Are
Created Equal, JCAP 1406 (2014) 008, [arXiv:1311.4884].
[22] M. White, The Zeldovich approximation, Mon.Not.Roy.Astron.Soc. 439 (2014) 3630,
[arXiv:1401.5466].
[23] E. V. Linder, Cosmic growth history and expansion history, Phys. Rev. D72 (2005) 043529,
[astro-ph/0507263].
[24] Y. Jing, Correcting for the alias effect when measuring the power spectrum using FFT, Astrophys.J.
620 (2005) 559–563, [astro-ph/0409240].
[25] V. Springel, N. Yoshida, and S. D. White, GADGET: A Code for collisionless and gasdynamical
cosmological simulations, New Astron. 6 (2001) 79, [astro-ph/0003162].
[26] V. Springel, The Cosmological simulation code GADGET-2, Mon.Not.Roy.Astron.Soc. 364 (2005)
1105–1134, [astro-ph/0505010].
[27] M. Crocce, S. Pueblas, and R. Scoccimarro, Transients from Initial Conditions in Cosmological
Simulations, Mon.Not.Roy.Astron.Soc. 373 (2006) 369–381, [astro-ph/0606505].
[28] Planck Collaboration, P. Ade et. al., Planck 2015 results. XIII. Cosmological parameters,
arXiv:1502.0158.
[29] J. Lesgourgues, The Cosmic Linear Anisotropy Solving System (CLASS) I: Overview,
arXiv:1104.2932.
[30] D. Baumann, A. Nicolis, L. Senatore, and M. Zaldarriaga, Cosmological Non-Linearities as an Effective
Fluid, JCAP 1207 (2012) 051, [arXiv:1004.2488].
[31] J. J. M. Carrasco, M. P. Hertzberg, and L. Senatore, The Effective Field Theory of Cosmological Large
Scale Structures, JHEP 09 (2012) 082, [arXiv:1206.2926].
[32] R. A. Porto, L. Senatore, and M. Zaldarriaga, The Lagrangian-space Effective Field Theory of Large
Scale Structures, JCAP 1405 (2014) 022, [arXiv:1311.2168].
[33] T. Matsubara, Nonlinear perturbation theory with halo bias and redshift-space distortions via the
Lagrangian picture, Phys. Rev. D78 (2008) 083519, [arXiv:0807.1733]. [Erratum: Phys.
Rev.D78,109901(2008)].
[34] T. Matsubara, Integrated Perturbation Theory and One-loop Power Spectra of Biased Tracers, Phys.
Rev. D90 (2014), no. 4 043537, [arXiv:1304.4226].
[35] A. Taruya, T. Nishimichi, and S. Saito, Baryon Acoustic Oscillations in 2D: Modeling Redshift-space
Power Spectrum from Perturbation Theory, Phys. Rev. D82 (2010) 063522, [arXiv:1006.0699].
[36] M. Crocce, and R. Scoccimarro, Renormalized cosmological perturbation theory, Phys. Rev. D73 (2006)
063519, [astro-ph/0509418].
[37] B. A. Reid, and M. White, Towards an accurate model of the redshift-space clustering of haloes in the
– 16 –
quasi-linear regime, Mon.Not.Roy.Astron.Soc. 417 (2011) 1913-1927, [arXiv:1105.4165].
A Baryon acoustic peak
Figure 6 shows sξ
(1)
ℓ=1(s), which corresponds to the cross-correlation between the density-weighted
velocity along the line-of-sight and the density field, in the linearized theory (black), the Zel’dovich
approximation (blue), 3LPT (red), and the N -body simulation (red symbols) at a redshift of z = 0.
While the baryon acoustic peak is visible in the linearized theory around the scales of 100h−1Mpc,
the peak broadens in the other non-linear predictions. In particular, we find that the Zel’dovich
approximation can explain the smearing of the baryon acoustic peak.
B Higher-pole terms
In this appendix, we investigate higher pole terms of both the power spectrum and two-point corre-
lation function in the Legendre expansion, which are generated by anisotropies from redshift space
distortions.
In Figure 7, we plot the octopole terms of ∆
(1)
p and ξ
(1)
p and the quadrupole terms of ∆
(2)
p and ξ
(2)
p ,
respectively. In particular, redshift space distortions yield the octopole terms of ∆
(1)
p and ξ
(1)
p , while
the quadrupole terms of ∆
(2)
p and ξ
(2)
p appear also in real space. Figure 7 shows that the analytical
predictions do not work very well at small scales and at the redshift of z = 0.0. However, note
that even at large scales of > 60 [Mpc/h], the non-linear effects become important in the two-point
correlation functions (lower panels). As a result, we find that for explaining the N -body simulation
results, we need the Zel’dovich approximation or the 3LPT solution, not the linearized theory. We
have checked that the 3LPT solution works better at higher redshifts, z = 0.5 and 1.0.
C Zel’dovich approximation
We have presented the analytical form for the power spectrum using the displacement vector in redshift
space as shown in equation (3.1). In the situation that we have perfect knowledge about the particle
distribution, namely we can compute ~Ψs for each particle, we expect to obtain both the same power
spectrum and correlation function from theory and simulations. The Zel’dovich approximation is an
ideal example for this purpose, because linearized perturbation theory gives an exact value for the
displacement vector.
Figure 8 shows the two predictions from the analytical calculation in Eqs. (3.4) and (2.16) and
the measurement from the Zel’dovich particle distribution which is generated by the 2LPT code [27].
At the redshift of z = 0, our predictions can explain the results from the particle distribution well.
This fact ensures that the approximation method in Eq. (3.4) for computing the power spectrum
with works well. The discrepancy between the results from theory and simulations at small scales
may come from the truncation of the expansion of the power spectrum in Eq. (3.4) at the third order
n = 2. Otherwise, it may be due to numerical errors in measuring the power spectrum and correlation
function from a particle data in the Zel’dovich approximation.
D SPT vs. LPT
The 3rd order standard perturbation theory is given by expanding the exponential factor in the
estimator in Eq. (3.1) and truncating at O (P 20 ) [10, 36]
P (~k) =
∫
d3qe−i
~k·~q
{
eΣ(
~k,~q)−Σ¯(~k)
}
=
∞∑
n=0
1
n!
∫
d3qe−i
~k·~q
(
Σ(~k, ~q)− Σ¯(~k)
)n
+O (P 30 ) , (D.1)
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where P0 is the linearized power spectrum. In this sense, the difference from 3LPT computed in this
paper is whether the estimator is kept or not. Note that the gravitational potential in both of 3LPT
and 3SPT is the same: namely, the third order in the perturbation expansion.
Figure 9 compares the 3SPT and 3LPT solutions of ∆
(1)
p,ℓ and ∆
(2)
p,ℓ with the redshift space
distortion at a redshift of z = 0.0. Clearly, the 3SPT solutions do not explain the N -body simulation
results, while the 3LPT solutions works well. This fact implies the success of our approximation
method to compute the power spectrum in Eq. (3.4).
E Finite volume effects
Figure 10 shows the impact of changing the minimum wavenumber kmin = 2π/L to compute the
density-weighted velocity correlation functions ξ
(1)
p and ξ
(2)
p in inverse Fourier transform from the
density-weighted velocity power spectra P
(1)
p and P
(2)
p . In computing ξ
(1)
p and ξ
(2)
p in linear theory,
we use the minimum wavenumber corresponding to the box size of the simulation in inverse Foueir
transform kmin = 2π/L, where L
3 is a simulation volume. we predict different amplitudes of the
correlation function from the N -body simulation results even in linear theory at very large scales.
F Halos
Since the density-weighted velocity is well-defined measurable quantity, we can measure the power
spectra and the two-point correlation functions of the density-weighted velocity for halos. Here, we
identify halos using the friend of friend (FOF) method. We considered three kinds of mass range:
1.0× 1013 < M < 5.0× 1013M⊙, 5.0× 1013 < M < 1.0× 1014M⊙, and 1.0× 1014M⊙ < M .
In Figure 11, we plotted the dipole and monopole terms of ∆
(1)
p , ξ
(1)
p , ∆
(2)
p , and ∆
(2)
p for dark
matter particles and halos at a redshift of z = 0.0. We normalized the dipole terms of ∆
(1)
p and ξ
(1)
p
using the linear Kaiser factor (1 + 3f/5)/ (b+ 3f/5) with b being the linear spatial bias, so that the
amplitudes of ∆
(1)
p and ξ
(1)
p for halos agree with those of dark matter particles at large scales. Since
the velocity bias is small to be ignored at large scales, ∆
(2)
p and ξ
(2)
p for dark matter particles and
halos become similar to each other at large scales. As a result, Figure 11 shows the scale-dependence
of the spatial and velocity bias. The contributions from the scale-dependent bias become important
at less scales than ∼ 30 h−1Mpc at a redshift of z = 0.0. We can find the change in the direction of
the infall velocity along the line of sight also for halos as well as dark matter particles.
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Figure 6. These figures show the dipole term of sξ
(1)
p (s) at a redshift of z = 0.0. The right panel is the same
as the left panel, but it is shown in the range of 50h−1Mpc < s < 150h−1Mpc. While the baryon acoustic
peak is visible in the linearized theory around the scales of ∼ 100h−1Mpc, the peak is broadened in the other
non-linear predictions. In particular, the Zel’dovich approximation can explain the smearing of the baryon
acoustic peak.
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Figure 7. Higher-pole (octopole and quadrupole) terms of ∆
(1)
p , ξ
(1)
p , ∆
(2)
p , and ξ
(2)
p are plotted at a redshift
of z = 0.0. In the two-point correlation functions, even at large scales of > 60 [Mpc/h] the non-linear effects
appear. Therefore, the Zel’dovich approximation or the 3LPT solution, not the linearized theory, are needed
for explaining the N-body simulation results.
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Figure 8. Two predictions from the analytical calculation in Eqs. (3.4) and (2.16) and the measurement
from the Zel’dovich particle distribution which is generated by the 2LPT code [27] are shown. The dipole,
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Figure 9. Comparison between the 3rd order standard perturbation theory (3SPT, blue) and Lagrangian
perturbation theory (3LPT, red) is shown at a redshift of z = 0.0. Although both of these theories include the
3rd order gravitational potential in the perturbation expansion, there is the obvious difference between them.
These figures imply the success of our approximation method to compute the power spectrum in Eq. (3.4).
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Figure 10. Density-weighted correlation functions, ξ
(1)
p and ξ
(2)
p , are plotted at a redshift of z = 0.0
with different volumes. Red and blue symbols show the predictions from N-body simulations with box sizes
of L = 512 and 1024h−1Mpc, and solid lines are predictions in linear theory. The minimum wavenumber in
inverse Fourier transform to compute the correlation functions in linear theory is determined by kmin = 2.0pi/L,
where L=512, 1024, and 4096h−1Mpc. For display purposes, the dipole term from the N-body simulation
with L = 512h−1Mpc is not shown, because it is noisy.
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Figure 11. The dipole and monopole terms of ∆
(1)
p , ξ
(1)
p , ∆
(2)
p , and ∆
(2)
p for dark matter and halos are
plotted at a redshift of z = 0.0. Three mass ranges of halos are chosen: 1.0× 1013 M⊙ < M < 5.0× 10
13 M⊙
(Halo-1, blue points), 5.0× 1013 M⊙ < M < 1.0× 10
14 M⊙ (Halo-2, purple points), and 1.0× 10
14 M⊙ < M
(Halo-3, gray points). The dipole terms of ∆
(1)
p and ξ
(1)
p for halos are normalized by the linear Kaiser factor
(1 + 3f/5) / (b+ 3f/5) with b being the linear spatial bias, so that they agree with ∆
(1)
p and ξ
(1)
p for dark
matter at large scales. Since the velocity bias converges to unity at large scales, ∆
(2)
p and ξ
(2)
p for halos and
dark matter become similar to each other at large scales. Therefore, these figures show the scale-dependent
effects of spatial and velocity bias.
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